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Recap

§ Axioms of Probability
E B3 (Q,7,Pr)ol| tisteq...
i) Pr(Q) =1
ii) Pr(A) > 0forall Ac3

iii) If Ap, n=1,2,--- are mutually disjoint events in J, then
oo oo
Pr(|J An) =D Pr(4y)
n=1 n=1

§ Disjoint & Independent
disjointo] ¥ fFEE 724 dependentE THE3SH( | 2]: Pr(A) = 0V Pr(B) =0)
e.g., 4: A = {gd}, B = {3W}. A7} dojud B E7Fs — dependent

® disjoint: AN B = 0: seto] ot 7ig
¢
® mutually exclusive: Pr(A N B) = 0: probabilityo] thst 7id
® independent: Pr(AN B) = Pr(A) - Pr(B)
Note: X &4, venn diagramo] E& E7}
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Motivation

D aa AN sample 7
Note: noise& ;1:501'0}11]

i) &9 sampleE random varlable

Note: +&% sarnple—o— el —Z—Z_]-Oﬂ A B 5}
i) 8 B0 e BA BAo2 AT B Bx 59 57
Noto olel Stol 3 kgt 51 0 A7 B8

25 measure pi= THe-g T

é.
)

A4
212 B2 (M, Mol tlete] sample %
) u

— [0, 00)

ii) u(@) =0
iii) For every sequence (Apn)nen with A, € M and A, N Ay, for all n # m,

(U An) =D u4an) ()

neN neN

£ stge) Te) p(M

Note: measure space (M, M, u)= ) = 1& 9HEs}2] of k2

lslgo] 7a): Pr(Q) = 1
Zubel, U7 27)9] sHEe] Fell uhEgt
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Motivation

Z% 303 98 30

g 37 (2,73,Pr):
measure space (2,7, Pr)o] tjs}o...

Pr(Q) =1

o

WFES5HH Prg& probability measure, (Q,J, Pr)& 3 37

rol2t g

§ Random Varable & Distribution
AA AA (M, M)t & F3 (2,7, Pr) Atele] 4 11e:

t}-2-2 mappingdl+= measure map X+ random variableo]2} ¢t
X:Q—-M
(e}

random variable Xof th3t distribution Dy 3% t}-&3} Zro] Aol

Dx =ProX~!': M —[0,1]

3distribution®. probability measure
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Continuous Probability Distributions

® Lecture 2: Discrete Probability Models...
® Lecture 3: Continuous Probability Models...
O| A= countabled}Z| o}Yst — =, index& |4 4= ¢l — continuous random
variableg T}Eojof &F £&A].
Definition

EA 37 (A, B)WA 25 F2 7}A| &= random variable2 continuous random
variable©]|t}. A = —co V B = co?l ASE Z3Hgh

b
Definition
continuous random variable X | tj5}¢] cumulative distribution function(cdf) F(x)
h‘.-.
F(z) =Pr(X <x) (6)
probability density function(pdf)?® f(z) : @ — [0, co]=...
d
£@) = 2 P ™
b
“pdfi Sh B47H o WE B4 5, F(a) > 190 48] e |
Note: A 2]o] 2]3}|, pdf= continous$t A3HA distributiong 2 Ed5H= T4,
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Continuous Probability Distributions
PDF f(x) %%
§ Application of the Axioms of Probability
Q = [A, B]2 7PR@Td?, pdf f(x)%°l tote] oho] A

flx)ydz =1
A

du
(@) = -5 (@)
(M) 7HAEHA, 13t (A, B)ol A8l o5& whEg

B
/ g(z)de =C
A
ol% o84 3% BT (2,3, Pr)| pdf f(a)E T3
fz) =Clg(x)

o), @ =R"
5f(x) >0 for all z € Q
SWhy?
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Continuous Probability Distributions

Abitrary function of x

Asbitrary function of x

. 5 . T
4 4 4 g
3 | 3 4
- 2 4 = 2 4
1 . 1 J
% 05 1 15 2 25 3 % 05 1 15 2 25 3
(a) A positive valued-function g(x). (b) Probability density function con-

structed from g(xz) in Figure 2a.

Cumulative Distribution Function of x

()Cumulative Distribution Function
) for f(x) in Figure 2b.

Figure 1: g(z)¢} f(x), 2181 F(z)
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Continuous Random Variables
Continuous random variable X ¢} pdf f(z)o] tis}to...

Prla< X <b) = /b f(z)dx (12)

° [of(x)de =1
* Pr(a < X)9} Pr(a < X) Afolo] F2o] g2
> ()Pr(zx=a)=0
» Pr(a<z<b)=Pr(a<z<b)=Pr(z<b)—Pr(z <a)=F(b)— F(a)

® f(z)dzr =Pr(z < X <z +dz) =dPr(x)
Pr(z = a) = 08}1 a7} E7}53 AL opd7

g, “d% % SPIE Wl Hopakn Bou...
“aleolw, 20 Bliw olRolH, Z 2t A27} o]1%0] FAFA S, 42172 P

Example

3t ofo] 7} EAYH A|7FE uniform probability densityS whEct wjFof, o] 30&
TEAE B 304 #3Ha} ofol7t BT FE LS FLsIH. sHRE 24413 o|E =, pdf
f(z) =1/242 32 5= 9lem, of= A aof thst...

a+0.5
/ f(z)dx =1/48 (13)

TEIHAIE ] FPsg, A0l el Zoleh - eS¢ Al
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Continuous Random Variables

Quantiles & Percentiles

§ Quantiles & Percentiles
p € [0,1]7} Fol & i, A& o] djste] pth Rejqranantiles Ei= 100p — th

mlq%%z[\dpercentiles% e El—_f_g].% no]q—;
p=F(n) (14)
A@sto], inverse cdf F~1o] tisto] n = F~1(p)o]tt.
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Simulating a Random Variable
Aim: distribution — random variable
Note: random variableZ X E| distributiong #¢ 7|&3} Hig).

pseudo-random number-& A4 5to] 7142 random variable S A4 715gt

§ Inverse Transformation Method

Algorithm
1. Pick n large. For ¢ = 1 to n.
2. Draw U; € R from U(0,1) and compute X; = F~(U;)

3. The observation (X1, ..., Xy) are a random sample from F'.

e.g., hw2_6.jl, hw3_4.jl. Julia®] Pluto.0 2 413},

(a) n =15 (b) n = 200

Figure 2: pdf f(z) = (1 — z?)ol] t3t cdf F(z)(®7)¢} inverse transformation methodS

Arg-5to] 513t pseudo-cdf(T}HE).
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Properties of a Random Variable

continuous random variable X of tjj5}o]...
() 7]1—;}]\%)\—0ch(:th value Ix:

ux = E[X] = /QX(w)dPr

= /B zdD, (15)

A
B
= zf(z)dz

A

° _E'_/‘\—}.variancc U%{S:
2 2 B 2
7% = VarlX] = BI(X =] = [ (@ = 12 (o) do (15)

° E%ﬁa ‘],standard deviation ox:

ox = /Var[X] (16)

84 ag( = E[X?] — (B(X))?: 1 & footnoteX] %
Siwon Yun Continuous Probability Models November 11, 2025 13 / 32



Properties of a Random Variable
8% 54
® ElaX + b] = a E[X] + b: linearity
® Var[aX + b] = a? Var[X]
® Ouutb = lalox

Proof of Linearity:
B
ElaX +b] —/ (az + b)f(z) do
A

B B
a/ zf(x) da:-l—b/ f(x)dx (7)
A A

=aE[X]+b
varianceo] tf3led: At bof| Zk

O
ohsti, AFOE qlste] 44 at

g g(z)oll istod...

ool tigt Ha§o] 5O 2 variance gH-S WSHA|7]4]
a?2 H3lgh

oo

E[g(X)] = / o) f(2) dz (18)

—oco

g(x) = ax + b: random variableo]] T3t affine transformation®
g(x) = (x — p)?: variance AAt

g(z) =™ (n>1): n'™® moment™=

® g(z) =(z— )™ (n>1): nt® central moment®H4E

9Bl(X — u)®] = E[X? — 2uX + 1] = E[X?] - 2p E[X] + p® = E[X?] — 1°

Siwon Yun
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An Exploratory Data Analysis Interlude

§ Story
Magnetoeencephalography(MEG)HZ}E%% S7H AT A E B =2 W &Y
719, Fao]| A oF 15mm 784 =L]= 27|49 JJ_,_-JJBH%I“_’_ 10-134] 10-12 Tesla
A Z. superconducting flux transformcrs% superconducting quantum interference
device (SQUID) sensorE Aol 27]% =4, highly shielded room(chamber)oj| 4]
2}0461—
background noiseE F= Z1o] S/ source localization problem 3|2 7%

resotution _ rosolution Cost Invasiveness
fMRI 1 mm 2-8 s Expensive Noninvasive
PET 4 mm 1 min Very expensive Radioactive injection
SPECT 8 mm 2-8 s Expensive Radioactive injection
EEG 1 cm 1 ms Moderate Noninvasive
MEG 1 mm 1 ms Very expensivel® Noninvasive
Snpatglgfilg 1 mm 2-8 s Inexpensive Can be invasive

Table 1: Comparison of Functional Imaging Techniques. @Matt Carter et al. 2022

1093 [
Aol 712 @A =l Ee AL 10 .
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An Exploratory Data Analysis Interlude

S-2]] o]op7]
Z} channel®] ]t background noise 732 959 T4} gl= A4 MEGE
AL 1487 2%, 601HAR 715

x10" MEG Front Sensor Data

05 1 15 2 25 3 35 4 45 5
x10*
Courtesy of Simona Temereanca. Used with permission.

Figure 3: Time-Series Plot of Magnetoencephalogram Background Noise Measurements
(Courtesy of Simona Temereanca, MGH).

Zo]Z AH =2 measure space (M, M, u)E FAH! B
 M: th2F [-5.5 x 10711, 5 x 107 11]
® pu: {EH RIEt I measure
® (M) = 14(m) x 60(s) x 601(Hz) = 504, 840

Hzol: 1pe] 39! measure A4o] meh Febd 4 QL. e.g., 1% TR £
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An Exploratory Data Analysis Interlude

Histogram & Boxplot
4 Q12 AY. dataof] gt histogram} boxplot2 Figure 4

o - s
F8e EdZ g(»)E 7
[e]
of 75
Distribution of Front Average x 10"
, i
|
" a |
.
“ H
.
2 [
|
i
9 5 4 3 2 1 [] 1 2 3 4 5 .
x10 -6

Courtesy of Simona Temereanca. Used with permission.
(a) Histogram (b) Boxplot
Figure 4: Historam(a) and Boxplot(b) of Magnetoencephalogram Background Noise

Measurements.

§ Histogram
A 24

o 2 A 772 ¢ bell-shaped o zoto] 09 FHHE
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An Exploratory Data Analysis Interlude

Boxplot & Whiskers Plot

§ Boxplot & Whiskers Plot

Figure 4b¥ five-number summary & X511 Q12

Five-number summary:
® minimum = -5.9790e-11 e 75th percentile = 0.7715e-11
e 25%h percentile = -1.1572e-11 ® maximum = 5.3040e-11
® median = -0.1929e-11

Interpretation:

® BoxplotA] Box9] 9 AA = 250 percentile, o} AA L 75t percentileS
UEbd. Mediangh- boxo]l 7F24-& 101 7o wtat? box Fdol AA35HA]
olJat 4= 918 250 percentile$t 75%h percentile A}o] 78] & interguqrtile
range(IQR)ole} B4

® Whiskers PlotA Whiskers+= box2] ozl AA|9} 91 AA A IQRE] 1.5 E+= 34
olzl Zof 7tR2A o2 FTt s MS Holl data point= 7FRA 02 HAGHA
ol/ko}j]outlieri 7\_]._1[_@.

1284 dole e Ay
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The Gaussian Probability Model

or Normal distribution _
Histogram¥} boxplot-2 HY... — “Gaussian probability model-S& 12T 4= Q7 o]1”
(") bell shaped...
§ PDF
Parameter puSt o2¢] 93] AA %= Gaussian probability model®] pdf:
1 (z—p)? }

o] o) = 2r0®) V2 exp { -3 )
o

PDF o g9l
i) f(x) >0 for all z € Q(=R):
(2m0? > 0 = (2m02)~1/2 > 0) Aexp{-} >0 = Va, f(z) > 00| & AT
i) [ f(z)dz =1

P> Gaussian integral:

([ ewt=atyae) ([ ewt=sray) = [ el-* + v aay

2% oo
=/ / exp{—r}rdrdf =
o Jo
>

. i o
[ seas= oty [~ e L

w—EH -
—>\/§0 71_71/2/ exp{—u2}du:7r71/2 a2 =1
—oco

(19)
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The Gaussian Probability Model

AAATH F& Aol 2
Prip—0c< X <pu+o)=~067 (20)

Pr(p—20 <X <p+20) =095 (21)
Pr(—1.96 < Z < 1.96) ~ 0.950] 1L 1.96-2 29} 7}7t9] A 7]15H7] £2(7")

y

I 0.14
2576 Encloses 05% of area under curve 2476

99%
T T z
A 1 + +

R
ntlo =6827%

nt20 =95.45%

ntlo =99.73%

Figure 5: Standard Gaussian probability density with mean p = 0 and variance o2 = 1.

B340 A 608 22T

)
A2
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The Gaussian Probability Model

§ Standard Gaussian Distribution

= 00]1 o2 = 1¢] Gaussian distributiong standard Gaussian distributiono]z} 3

0l
T

o] Guassian distribution®]= standard Gaussian distribution© 2 M3 7}

if X ~ N(p,02) and Z = (X — u)/o then Z ~ N(0,1).

- - o o

_ b—
Pr(a<X<b):Pr(a Pez< “)

§ CDF for Standard Gaussian Distribution

o(z) = /:o(zfr)*lﬂ exp {—%u2} du

+ Central Limit Theorem

Siwon Yun Continuous Probability Models
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Properties of the Gaussian Distribution

Moment Generating Function

mx (t) = E[e!X] = /;0:0(27702)71/2 exp {tw — %(56;72“)2} dx

(oo}
= exp {ut + 10'2152}/ (2r0?) /2 exp {—L(x — (u+ Uzt))2} dx
2 oo 202

=il

1
= exp {,ut + 502t2}

)
’ 2 1 a9
mly (t) = (p+ o°t) exp ut+§a t (24)
1
mx(t) = (02 + (pn+ O'2t)2) exp {ut + 502752} (25)
§ Expectation
14 E[X] =m/x(0) = pn (26)
§ Variance
Var[X] = E[X?] — (E[X])? = m (0) — (m/x(0))* = o* (27)
LG 7|ogte BARS 217 A% @ gamma @42 Aele] 288 gamma 4] AE 014S hw3ol

651 #A| .
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Quantile-Quantile Plots

Q-Q plot
Quantile-Quantile(or Q-Q) plot-2 data batch”’} & R4 o] Z35tA] &olst=
oz, olee BEE L9540} 58 nde] ol2H LI4E

7:
i) data batchA] 100r/(n + 1) B2 y1),¥(2)s - - Yn) = T=
i) L4 Ao “Jra]' ) = F=1(r/(n+1))15& A4tste] o] 27 wlR )4
N)>M(2)--+>M(n )a F=

iii) plotell & (y(1),m(1))s- - -» W(n)» Neny )= EAISFA Q-Q plot !
— data batch7} -8 RHlof Zetsithd Q-Q plotd] HEo] A y =z ZA
473
Magnetoencephalography (cont.d):
claim: MEG2] background noise data+= Gaussian probability model-g wr2rc}.
= F(z) = &(x).

® sample mean: Z =n"1 3" | z;

® sample standard deviation: estimate 62 = (n=1 Y0 | (z; — 2)1/216
— dataZ y; = (z — 2)/6°] thfol Wk

PauAoR gy = F7H((r — 0.5)/n)& A&

16 45:; Gaussian distribution®} 0}-&2

Continuous Probability Models November 11, 2025
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Quantile-Quantile Plots

Normal data

8 n n L L n L L L L n L

2 3 4 5
x10""

-1 0 1
MEG back sensor
Figure 6: Q-Q Plot of Magnetoencephalogram Background Noise Measurements.

— MEG background noise data’} Gaussian probability model2 wE2t}= -2 9]
FHae .
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Other Continuous Probability Models

Z7}2 2 courseA] THE continuous probability model-2 th-2 3} ZHe-:
® Exponential Distribution
® Gamma Distribution
® Beta Distribution

® Inverse Gaussian Distribution
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Other Continuous Probability Models
Exponential Distribution
§ Exponential Distribution
Exponential distribution(Figure 79] ®7Hd)2 2|4~ Ex =

7] of gMemoryless Property17.g. 7}7] systemA] £ A WAL H7]
/\]ﬂ_Waltmg Tlme_% gm&'@-. rate )\% 7],;1(1 poisson _‘4,;(-]‘1 _]:1_7‘]' A]y].lnter arrival Tlme_%
pShc kel

= ow-

e.g., 1140] 23] A% x|310] M3} (Poisson), 24 AFo]©] AJ7HE Exponential
distribution with A =22 A% 7153

, AF Q] ghHe £HE — $£HO| X454 of = — exponential distribution&
Eq——_ll]-__ﬂ_ 01—35' 2],

PDF': with parameter A > 0
fl@|A) =dexp{—Az}, z>0 (28)

PDF &% &<l
® f(z) >0 for all z € Q(=RT):
(“)>\>00]_Lexp{}>0 = Vz >0, f(z) > 00|22

® 57 flx)de =1: [° Nexp{—Az}dz = [-exp{-Da}]]° =1
Properties:
* E[X]=x"!

® Var[X]=)"2
7Pr(X >a+b| X >a)=Pr(X >b)
Siwon Yun Continuous Probability Models November 11, 2025

26 / 32



Other Continuous Probability Models

Gamma Distribution

§ Gamma Distribution
Exponential distribution2 gamma distribution$! % AF(a=1AB=N).
Gamma distribution t7] A|7Fe] XS HAst GolsHlexiblels nyol EabAdy,
AR AFA W72 )= A|7E
e.g., A2 4¥ 2AISE wj712] Ae]lE A7FE gamma distribution with o = 4 and
B =22 A9 7153}

PDF': with parameter a > 0 and 8 > 0

flx|a,B) = %xa_le_ﬁz, z>0 (29)

A7IA T'(a) = [57 t* L™t di'= gamma F419.

Properties:
* E[X] =a/8
® Var[X] = a/B?

a=n/2A B =1/2%] gamma distribution& n 2}-§ L degrees of freedom chi squared
distribution(x? distribution)o]gtal 33t
18 barameter7} 27}
19914 it who} Zol, gamma F4e] AL hwe] 641 2.
Z7I2 i) T'(n + 1) = nl'(n), ii) I'(n + 1) = n! n € Nojgt1 sl
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Other Continuous Probability Models

Gamma Distribution

Gamma densities with lambda = 1 for different mu
2 T T T T T

1.8

-
>

-
)

Probability density
6 -

=4
o

=
»

0.2

Figure 7: Examples of Gamma probability densities.
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Other Continuous Probability Models

Beta Distribution

§ Beta Distribution
Beta Distribution2 7F [0, 1]9] ti3] Hold uf-¢ 5993+ modelo|™, binomial pf
posterior® 7= bayesian analysisA] prior2& modeling® ©] beta distributiong
REEED

PDF': with parameter a > 0 and 8 > 0

f(m\a,ﬁ)z%m“—l(l—x)ﬁ—l, 0<z<1 (30)

Properties:
* BlX] = 2%
— ap
* VarlX] = GogersD

Equation 304 242 UEH gamma = beta distributiong A 13}gt.

20= binoimal pof ¥ FE< EA
C

Siwon Yun November 11, 2025
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Other Continuous Probability Models

Beta Distribution

Probability density function

alpha=1, beta=1
alpha=05, beta=05
alpha =2, beta=2
alpha=2 beta=5
alpha=1, beta=3
alpha=5, beta=1

pdf(x)

08 09 1

0 L
02 03 04 05 0B 07

Figure 8: Examples of Beta probability densities.
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Other Continuous Probability Models

Inverse Gaussian Distribution

§ Inverse Gaussian Distribution

Inverse Gaussian Distribution< Gaussian Distribution®] ¢ © &2 Schrodinger?!¢]
olaf FEE YL o]F AAHEE o] T HEH-S modelingsH=H]| Poisson process?? H T} ¢
£& A58 B3, o) 4RA pok NS e LA H1

PDF': with parameter x> 0 and A > 0
A\ 1/2 Az — p)?
) = 2 A A P 31
falin = (5o5)  eo{- 25201 (31)
7] 4] A= scale parameterd (Figure 32 Z17).
Properties:

* EX]=p
® Var[X] = 3/

2lol2 maold|a?
227} 1242 modelingst7] 2§

Siwon Yun Continuous Probability Models November 11, 2025
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Other Continuous Probability Models

Inverse Gaussian Distribution

Inverse Gaussian densities with mu = 1 for different lambda

3 T T T T p—
— 02
— 05
—1
251 5
— 10
30
2 2 ]
s
c
I}
°
Z15 1
=
©
E3
2
a1 ]
05 ]
K 3

Figure 9: Examples of inverse Gaussian probability densities.
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