Bayesian Models of
Perception and Action

Chapter 4 : The Response Distribution
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4.1 Inherited variability

- Xt s DHE O E x_obse Al (trial)OtCt E2tX| = HEH40|C
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= Inherited variability
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Posterior

Likelihood

Prior

Probability (degree of belief)

Hypothesized stimulus

x_obs?| #HF0]| likelihood/posterior/PMES A|SHOICH HI L E L=
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4.2 Response distribution (Gaussian case)

P’: stimulus ~ Gaussian, measurement noise ~ Gaussian

8% §_PM = p_post (posterior mean estimate)

SHE: p(5_PM | s) HH/E4 =&
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Posterior mean (PME)

L J*'tuh!-; _I_ J‘i‘,u' 1 1
Hpost J+J., where J = — and J, = —

22RO 2 (response) S YU NS =

ZH™X| x_obs?} & X2 7 OS2 I WA & 4022 U= 712A I EEE ESZ
X2 =2H™X|  Spy £ IMRAIO BEE mMECE
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Response distribution?] Ht /&4t

properties of linear combinations of random variables (see Box 4.1 and Exercise 4.1) to show that
when the true stimulus is s, the stimulus estimate spy follows a Gaussian distribution with mean

Js+J;
Elsemls] = — +J:I (4.3)
and variance
Var[Spu]s] = —— (4.4)
(J+Js)?
or, using the shorthand notation for Gaussian distributions (see Eq. (3.3))
p(Spmls) = A (fpm;“{ii“ T J:f mz) . (4.5)
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Box 4.1 — Properties of linear combinations of random variables. In Bayesian models,

we often encounter random variables that are weighted sums of other random variables. The - XQI .*_%‘ﬁ -._ aX+b:
following properties are useful: -
1. General: If a random variable X has mean y and variance 0'2, and @ and b are constants, %'-EL ag+ b, ‘E‘tl- dao

then the random variable aX + b has mean au + b and variance a>c>.
2. General: If random variables X and ¥ are independent and have means ux and iy, and
variances 63 and 6, respectively, then the random variable X + Y has mean py + yy and o
variance 63 + 2. - IMRAU2 HEHS 20| = ItAI2
3. Specific to Gaussian distributions: If a random variable X follows a Gaussian distribu-
tion, then aX + b also follows a Gaussian distribution.
4. Specific to Gaussian distributions: If random variables X and Y are independent and X+YE JtQA|OF BT 2 mt2C}
each follow a Gaussian distribution, then X + Y also follows a Gaussian distributions.
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4.3 Belief vs Response distributions

BCSC Term 2 &ZfAE/L)

Mean Variance
_ 4 Belief distributions (prior, | response distribution
Step 1: muihus distrution, p(s}2 likelihood, posterior)
GenEIr)ative . % Bayesian modeling step Step 2 (inference) Step 3 (response distribution)
model Measurement disibution, p(x[s) Nature of distributions (see | subjective (degrees of belief) | objective (probabilities of oc-
5 o2 Box 3.4) currence)
Point of view of the observer (decision-maker) | the experimenter
Prior distribution, p(s) Horizontal axis hypothesized world state estimate of world state
o2 Is realized on any single trial across many trials
Likelihood function £(shyp; %ass) = P (¥etelShyp) Exclusive to Bayesian models | yes no

Step 2: ‘ >

Inference ¥obs v
Posterior distribution p(snyp|Xobs)
o e ! - Belief(prior/likelihood/posterior): Z/&At Li & AlE(Z2H)
S = S T+
Response distribution, p(3|s) _ i _

Step 3: - Response distribution: 22 A|#H0M 2L SHE EXH/(HHH)
Response R Js+]sp J
- - . ]E =

distribution [pmls] NEIN ESAL




Figure 4.2: L0| = &10F BEHX}
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) => posterior variance(2ZAd)%t

. . - - - SHE B{EA)= JHEO| Ot
0 5 10 15 20 response variance(#& HEd)= JE0| f2r}.

Measurement noise level, ¢

o1: posterior SD& prior SDZ2 £& / response SD&= &&0| AT 022 A
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4 4 Maximume-likelihood estimation (MLE)

Af
p(S_ML[s) = p(x | s) : MLE(s"ML)2| BEE & 2X p(x|s) & S

MLE (2|} Jt5 & £H) PME(AIE B £H)

4qu

WA DA SHE| KKE X2 2HAR AR SML = Tobs
S

XS =77k x_obsTt ¥ 'EHY = X2 s’ 20 FH EXNZt x_obs2t AH HE 2 JFE HASIH £
MLE= T3H0| QiCt &, WAMOZ = Egf <9 UX|THCL, PMEE AP "W 202 ML HAMOZE FF s UX|
olX| ¥=Ct

£0|=(0)7t 3T SHU0| ASY IS5 M0| £, WY SH  E3|
00| 7T}, of BANE UHELE
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Figure 4.3: PME vs MLE
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4.5 Bias

Bias [f|5] = E|[§]s] — s.
2HF| 570 H3K(Bias)2 W 2YX|Q} & XI3(s) 2t XH0|2 HolEIT},
MLE: E[SmL|s|=s 0|22 MLEQ M3t 0 (unbiased)

PME: E[3py|s] = 54 0|22, Bias#0 (prior B p Ha¥)
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4.5 Mean Squared Error (MSE)

MSE[$]s] = Eg[(5—s)?|s]. (4.8)
MSE]$|s| = Bias[$|s]* + Var|]s]. (4.9)
MSE[§] = Eq,[(§—s)?] (4.10)
= E; [Eq[($ —5)?|s]] (4.11)
— E, [MSE[§]s]] (4.12)
2
MSE[3]s] = (”"b’* M —5) /
J+J (J + )
J? ) J
PR N VR A s
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Figure 4.4: Bias—variance tradeoff
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4.5.3 Inverted bias perspective

- MLE2} PMEE H|W6t= 2™ MEk
3t FO{RES If sQ £X p(s | 8)E Hlw

- MLE: s|§_ML2] TZ0| § MLOj| TX| 4L & QIS (HITE)
- PME: s|3_PM| H#0| §_PMO| O & HHEl= 7%

PMEE MLEED T2 MSEJF RO, PME?} MLEELC} I 7d&5t =X
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Figure 4.5: Inverted bias
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4.9 Reflections on Bayesian models

- H|O| X|QF 2HEXtel 22

H[O|X|QF LEXf= 15Tt BE MA Bl H49f s Lot 1 s Al

o

= 2 (Normative Modeling):

EH

a =

O 2O B 3 3H 8 BiLIE U8 HO[EIE 27| o R} HHE OB 43
of Z/HQI

0

ol

£
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Summary

« H|O]X| 2t 2EAZ Y 3THA:

By 2E YO, PME 3M £, Tha AlYol| 27 PMEQ] 2E(SE 2E) &5

4 HE Y 46 Mg B HF 2XH(MSE)E A8, Xt3 Z2HE MSER TEHE MSEE 718
* MSE #4: Xt=2 ZZHE MSE+= Squared Bias+VarianceSquared Bias+Variance2| g},

* PME vs. MLE:

* MLEE HYEX| 4X|0F X 2disHs Xt20f tiai PMEE MLEECH S4t0] Sof Fers MSEL O ATt et PMEL HEM o2 I 2451

|

o
. E'?i-_'a%l)’—.* TH oM SEGHE B4 2XE2 (0] MEHUME R5F JIRAIICE EYX|TH ME CHE I E0| 22 HSko}H HoHof SHCt (Table 4.1,
42 74).
(BH5 229 9Y
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